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Abstract
We demonstrate that the τ (j)-matrices in the superintegrable chiral Potts model possess the
Onsager algebra symmetry for their degenerate eigenvalues. The Fabricius-McCoy comparison
of functional relations of the eight-vertex model for roots of unity and the superintegrable chiral
Potts model has been carefully analyzed by identifying equivalent terms in the corresponding
equations, by which we extract the conjectured relation of Q-operators and all fusion matrices
in the eight-vertex model corresponding to the T Tˆ -relation in the chiral Potts model.
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Introduction
The aim of this paper is to show the Onsager algebra symmetry of τ (j)-matrices of the chiral
Potts model (CMP) [14] in the superintegrable case. Inspired by the discussion in [29] on the TQ-
relation of eight-vertex model, we observed in [39] that the degeneracy of τ
(2)
p -eigenvalues occurs
at the superintegrable point p. Indeed in [29], Fabricius and McCoy introduced the fusion matrices
of eight-vertex model for the ”root of unity”
η˜ =
m1K
N
, (gcd(m1, N) = 1), (1)
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and proposed the conjecture on functional relations related to the Q-matrices, of which the struc-
tures strikingly resemble the set of functional equations revealed in the study of N -state CPM in
[14]. In this paper, we make a detailed analysis on the comparison of these two theories (superin-
tegrable CPM and eight-vertex model for roots of unity) through the equivalence of operators and
quantities appeared in functional equations in an ”identical” manner (for the correspondence, see
table (39) of this article). The effort enables us to further explore one more conjecture on the rela-
tionship between Q-operators and the whole set of fusion matrices, the equation (40) of this paper,
corresponding to the T T̂ -relation in CPM which has played the fundamental role in derivation of
functional equations in [14]. In the special case where the elliptic nome vanishes, the eight-vertex
model has the six-vertex limit for the root of unity η˜ = m1π2N , in which case there is the sl2-loop
algebra symmetry [20, 25, 26, 27]. Hence the degeneracy of the six-vertex transfer matrix is mainly
contributed from finite-dimensional representations of sl2-loop algebra, which are determined by
evaluation parameters as the roots of the Drinfeld polynomial. However the essence of Drinfeld
polynomial is encoded in the Q-operator, by the analysis made in [28] on the eight-vertex Q-matrix
in connection with the function in [21] on degeneracy of the transfer matrix. The analogy between
eight-vertex model and CPM, though only loosely related in the present stage, still enables us to
suggest that the degeneracy of τ (2)-operator in the superintegrable CPM, previously indicated in
[39], should further posses a certain symmetry structure similar to the sl2-loop algebra symmetry
in six-vertex model in the root of unity case. In this paper we show that it is indeed the case.
We identify the full symmetry algebra for τ (2), hence all τ (j), matrices to be the Onsager algebra,
a renowned Lie algebra appeared in the seminal paper of Onsager on the free energy solution of
the two-dimensional Ising model [36], (for the Onsager algebra, see [18, 19, 23, 38] and references
therein). In the study of (finite-dimensional) representations of Onsager algebra, a proper and use-
ful realization of Onsager algebra is to identify it with the Lie-subalgebra of sl2-loop algebra fixed
by a standard involution, by which the sl2-loop algebra representations (with certain constraint on
evaluation parameters) give rise to all the irreducible representations of Onsager algebra [18, 38].
From the Onsager algebra structure hidden in the Hamiltonion derived from superintegrable CPM,
we identify its role in connection to the symmetry of τ (2)-matrices. Furthermore, through the func-
tional relations and eigenvalue spectrum of the transfer matrix in the superintegrable CPM, Onsager
algebra indeed describes the full symmetry for the degeneracy of τ (j)-matrices, where only spin-12
representations occur in the related sl2-loop algebra representations. Hence, the Onsager algebra
symmetry of τ (2)-matrices observed in this article, in contrast with the sl2-loop algebra symmetry
of six-vertex model, further enhances the common features shared by both superintegrable CPM
and eight-vertex model for the roots of unity cases.
This paper is organized as follows. In Sec. 1, we briefly review the main features of the N -state
CPM (e.g., [3, 5] and references therein), summarize the set of functional equations of the model
in [14], then describe the specific form of τ (2)-matrix in [39] and formulae in the superintegrable
case considered in this paper. In Sec. 2, we begin with the formalism and conjectured functional
relations in eight-vertex model of roots of unity in [29], then make comparison of all entities appeared
in functional relations of the superintegrable CPM and eight-vertex model in a precise and one-
to-one corresponding manner, by which a conjectured functional equation in eight-vertex model
corresponding to T T̂ -relation in CPM naturally ascends. The efforts encourage us to propose
a speculation about functional relations in a hypothetical solvable lattice model with the similar
structure as in the superintegrable CPM. Based on the common features appeared in superintegrable
CPM and eight-vertex model for roots of unity, we outline the procedure and ”ingredients” for a
such speculated general scheme. The next two sections consist of main results of this paper on the
symmetry algebra of superintegrable CPM. In Sec. 3 we start with some basic facts in Onsager
algebra and its relation with superintegrable CPM and the quantum ZN -spin chain Hamiltonian
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in [32, 34]. Using the explicit forms of monodromy matrix in the definition of τ (2) and the Onsager
algebra generators in the ZN -spin chain Hamiltonian, we show the Onsager algebra symmetry
of τ (j)-matrices in superintegrable CPM. While in Sec. 4 we discuss the Bethe equation of τ (2)-
matrix and the explicit results on τ (j)-eigenvalues to which the Onsager algebra symmetry of
τ (j)-matrices can be understood from the Bethe Ansatz approach based on eigenvalue spectrum of
the superintegrable CPM transfer matrix. Using the explicit form of eigenvalues of CPM transfer
matrix, hence the energy expression of the ZN -spin chain Hamiltonian, one can determine that only
spin-12 representations occur in the Onsager algebra symmetry of τ
(j)-matrices with the explicit
τ (j)-eigenvalue expression. The mathematical nature of P-polynomial associated to the Bethe
equation of the theory has been rigorously investigated so that the full symmetry structure for the
degeneracy of τ (j)-matrices is revealed in Onsager algebra representations. We close in Sec. 5 with
some concluding remarks.
Notations. To present our work, we prepare some notations. In this paper, Z,R, C will
denote the ring of integers, real, complex numbers respectively, ZN = Z/NZ, and i =
√−1. For
N ≥ 2, we fix the N th root of unity,
ω = e
2πi
N ,
and CN is the vector space consisting of all N -cyclic vectors with the basis {|n〉}n∈ZN . Define
X,Z the operators of CN by the relations, X|n〉 = |n + 1〉, Z|n〉 = ωn|n〉 for n ∈ ZN , then the
Weyl relation and N th-power identity property hold: XZ = ω−1ZX, XN = ZN = 1. For a positive
integers n, we denote by
n⊗ CN the tensor product of n-copies of the vector space CN .
1 The N-state Chiral Potts Model
We start with the summary of functional equations of chiral Potts model in [14], (for a short
version of explanations, see [39]), then conduct the discussion in the superintegrable case for later
consideration. This will also serve to establish the notation.
In the study of two-dimensional N -state CMP, the ”rapidity” of the statistical model is described
by a four-vector ratios [a, b, c, d] in the projective 3-space P3 satisfying the following equivalent sets
of equations,
W :
{
kaN + k′cN = dN ,
kbN + k′dN = cN .
⇐⇒
{
aN + k′bN = kdN ,
k′aN + bN = kcN ,
(2)
where k, k′ are parameters with k2 + k′2 = 1, and k′ 6= ±1, 0. The above relations define W as
an algebraic curve of genus N3 − 2N2 + 1. We shall confine our discussion of CPM only on the
full homogeneous lattice by taking p = p′ in [14]. Hereafter, elements in P3 will be denoted by
p, q, r, · · · etc., and we shall use the variables x, y, µ, t, λ to denote the following component-ratios
for an element [a, b, c, d] ∈ P3,
x :=
a
d
, y :=
b
c
, µ :=
d
c
, t :=
ab
cd
(= xy) , λ :=
dN
cN
(= µN ) .
Associated to an element p in P3, the coordinates and variables will be written by ap, bp, xp, tp · · ·
so on whenever if it will be necessary to specify the element p. The variables, x, y, µ, form a system
of affine coordinates of P3, by which an equivalent form of the defining equation for the curve W
in (2) is
kxN = 1− k′µ−N , kyN = 1− k′µN , (x, y, µ) ∈ C3 . (3)
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The rapidity curve W has a large symmetry group (with the order 4N3 for N ≥ 3 [4, 39]), in which
the following automorphisms will be needed in later discussions,
U : [a, b, c, d] 7→ [ωa, b, c, d],
(
(x, y, µ) 7→ (ωx, y, µ)
)
,
C : [a, b, c, d] 7→ [b, a, d, c],
(
(x, y, µ) 7→ (y, x, µ−1)
)
.
(4)
Note that UN = C2 = 1. By eliminating the variable µN in (3) , W becomes a N -fold unramified
cover of the genus (N − 1)2 curve,
xN + yN = k(1 + xNyN ) . (5)
By (3), the variables, (t, λ) = (tp, λp) for p ∈ W, define the following hyperelliptic curve of genus
N − 1,
Wk′ : t
N =
(1− k′λ)(1 − k′λ−1)
k2
, (6)
which is a N -ramified quotient of the curve (5). The variables t, λ in the above curve have played a
major role of rapidities for solutions of various problems in CPM, see e.g. [9, 13, 35] and references
therein.
The Boltzmann weights Wp,q,W p,q of the N -state CPM are defined by coordinates of p, q ∈W
with the expressions:
Wp,q(n)
Wp,q(0)
=
∏n
j=1
dpbq−apcqωj
bpdq−cpaqωj
(
= (
µp
µq
)n
∏n
j=1
yq−ωjxp
yp−ωjxq
)
,
Wp,q(n)
Wp,q(0)
=
∏n
j=1
ωapdq−dpaqωj
cpbq−bpcqωj
(
= (µpµq)
n∏n
j=1
ωxp−ωjxq
yq−ωjyp
)
.
By the rapidity constraint (2), the above Boltzmann weights have the N -periodicity property for n.
Without loss of generality, we may assumeWp,q(0) =W p,q(0) = 1. On a lattice of the horizontal size
L with periodic boundary condition, the combined weights of intersection between two consecutive
rows give rise to an operator of
L⊗ CN , which defines the transfer matrix of the N -state CPM:
Tp(q)σ,σ′ =
L∏
l=1
W p,q(σl − σ′l)Wp,q(σl − σ′l+1) , p, q ∈W , (7)
where σ = (σ1, . . . , σL) , σ
′ = (σ′1, . . . , σ
′
L) with σl, σ
′
l ∈ ZN . By the star-triangle relation of
Boltzmann weights:
N−1∑
n=0
W qr(σ
′ − n)Wpr(σ − n)W pq(n− σ′′) = RpqrWpq(σ − σ′)W pr(σ′ − σ′′)Wqr(σ − σ′′)
with Rpqr =
fpqfqr
fpr
and fpq =
(
detN (W pq(i−j))∏N−1
n=0
Wpq(n)
) 1
N
, one has the commutativity of transfer matrices
for a fixed p ∈W:
[Tp(q), Tp(q
′)] = 0 , q, q′ ∈W .
By (3), Tp(q) for a fixed p depends only on the values of (xq, yq), parametrized by the curve (5).
Hence we shall also write Tp(q) by Tp(xq, yq) whenever this is convenient. The ZN -spin operators
X,Z of CN give rise to the system of Weyl operators of
L⊗ CN :
Xj = 1⊗ · · · ⊗Xjth ⊗ 1⊗ · · · ⊗ 1, Zj = 1⊗ · · · ⊗ Zjth ⊗ 1⊗ · · · ⊗ 1, (1 ≤ j ≤ L)
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with ZiXj = ω
δi,jXjZi, [Zi, Zj ] = [Xi,Xj ] = 0 and Z
N
j = X
N
j = 1. The spin-shift operator of
L⊗ CN will be again denoted by X = ∏Lj=1Xj if no confusion could arise. Then Tp(q) commutes
with X and the spatial translation operator SR, which takes the jth column to (j + 1)th one for
1 ≤ j ≤ L with the identification L+ 1 = 1. The eigenvalues of X and SR, denoted by eiQ, eiP for
Q ∈ ZN , P ∈ ZL, are quantum numbers, called the ZN -charge and total momentum respectively.
We denote
T̂p(q) = Tp(q)SR .
In the study of CPM as a descendent of the six-vertex model, Bazhanov and Stroganov dis-
covered a five-parameter family of solutions of Yang-Baxter equation associated to the six-vertex
R-matrix with entries in terms of operators X,Z acting on ”quantum space” CN [15, 31]. In
particular, there is a Yang-Baxter solution G(t) associated to an element p = [a, b, c, d] ∈ P3 with
the form [39]:
b2Gp(t) =
(
b2 − td2X (bc− ωadX)Z
−t(bc− adX)Z−1 −tc2 + ωa2X
)
, t ∈ C , (8)
which satisfy the Yang-Baxter relation:
R(t/t′)(Gp(t)
⊗
aux
1)(1
⊗
aux
Gp(t
′)) = (1
⊗
aux
Gp(t
′))(Gp(t)
⊗
aux
1)R(t/t′) , (9)
where R(t) is the following matrix of 2-tensor of the ”auxiliary space” C2,
R(t) =

tω − 1 0 0 0
0 t− 1 ω − 1 0
0 t(ω − 1) ω(t− 1) 0
0 0 0 tω − 1
 .
By the auxiliary-space matrix-product and quantum-space tensor-product for a finite size L, the
operator
L⊗
ℓ=1
Gp,ℓ(t) = Gp,1(t)⊗ · · · ⊗Gp,L(t) , Gp,ℓ(t) := Gp(t) at site ℓ , (10)
again satisfies the Yang-Baxter relation (9), hence the traces, traux
⊗L
ℓ=1Gp,ℓ(t) (t ∈ C), form a
family of commuting operators of
L⊗ CN . The τ (2)p -operator is defined by
τ (2)p (t) = traux(
L⊗
ℓ=1
Gp,ℓ(ωt)) for t ∈ C. (11)
When p ∈ W, the transfer matrix Tp(q) of CPM can be derived from τ (2)p (tq) as the auxiliary
”Q”-operator in a similar way as in the TQ-relation discussion of eight-vertex model in [7]. One
has the following τ (2)T -relation ((4.20) in [14], or (14) in [12])1:
τ (2)p (tq)Tp(ωxq, yq) = ϕp(q)Tp(xq, yq) + ϕp(Uq)XTp(ω
2xq, yq) , (12)
where ϕp(q) := (
(yp−ωxq)(tp−tq)
y2p(xp−xq)
)L, ϕp(q) := (
ωµ2p(xp−xq)(tp−tq)
y2p(yp−ωxq)
)L, and U is the automorphism of W
in (4). An equivalent form of the τ (2)T -relation (12) is the following expression of τ
(2)
p in terms of
Tp:
τ (2)p (tq) =
(
ϕp(q)Tp(xq, yq) + ϕp(Uq)XTp(ω
2xq, yq)
)
Tp(ωxq, yq)
−1 , (13)
1τ
(2)
p (q), Tp(q) in this paper are the operators τ
(2)
k=0,q, Tq in [14] respectively.
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by which, the commutativity of Tp(q)’s ensures
[τ (2)p (tq), Tp(xq′ , yq′)] = 0 , for p, q, q
′ ∈W . (14)
There are operators τ (j)(t) for 0 ≤ j ≤ N with τ (0)p (t) := 0, τ (1)p (t) := I, which are related to
transfer matrices Tp(q) by the following T T̂ -relations ((3.46) for (l, k) = (j, 0) in [14], or (13) in
[12]):
Tp(xq, yq)T̂p(yq, ω
jxq) = rp,qhj;p,q
(
τ (j)p (tq) +
z(tq)z(ωtq) · · · z(ωj−1tq)
αp(λq)
Xjτ (N−j)p (ω
jtq)
)
(15)
for 0 ≤ j ≤ N , where rp,q =
(
N(xp−xq)(yp−yq)(tNp −t
N
q )
(xNp −x
N
q )(y
N
p −y
N
q )(tp−tq)
)L
, hj;p,q =
(∏j−1
m=1
y2p(xp−ω
mxq)
(yp−ωmxq)(tp−ωmtq)
)L
and
z(t) =
(
ωµ2p(xpyp−t)
2
y4p
)L
(= ϕp(q)ϕp(q)),
αp(λq) =
(
k′(1−λpλq)2
λq(1−k′λp)2
)L
(=
(
(yNp −x
N
q )(t
N
p −t
N
q )
y2Np (x
N
p −x
N
q )
)L
).
(16)
In particular, the relation (15) for j = N (or 0) becomes
Tp(xq, yq)T̂p(yq, xq) =
(
Ny2N−2p (yp − yq)(yp − xq)
(yNp − yNq )(yNp − xNq )
)L
τ (N)p (tq) . (17)
By (14) and (15 ), the following ”fusion relations” hold for τ (j)’s ( (4.27) of [14] ):
τ
(j)
p (t)τ
(2)
p (ωj−1t) = z(ωj−1t)Xτ
(j−1)
p (t) + τ
(j+1)
p (t), 1 ≤ j ≤ N ,
τ
(N+1)
p (t) := z(t)Xτ
(N−1)
p (ωt) + u(t)I ,
(18)
where u(t) = αp(λ) + αp(λ
−1), and z(t) in (16). Therefore the fusion operators τ
(j)
p can be con-
structed recursively from τ
(2)
p and relations in (18) by setting τ
(0)
p = 0, τ
(1)
p = I, and one can
express τ
(j)
p (t) as a ”polynomial” of τ
(2)
p of degree (j − 1) with coefficients in powers of X. Indeed
the explicit form of τ
(j)
p (t) for 2 ≤ j ≤ N + 1 in terms of τ (2)p and X is as follows [39]:
τ (j)p (t) =
j−2∏
s=0
τ (2)p (ω
st) +
[ j−1
2
]∑
k=1
(−X)k
∑
1≤i1<′i2<′···<′ik≤j−2
( k∏
ℓ=1
z(ωiℓt)
τ
(2)
p (ωiℓ−1t)τ
(2)
p (ωiℓt)
j−2∏
s=0
τ (2)p (ω
st)
)
(19)
where iℓ <
′ iℓ+1 means iℓ + 1 < iℓ+1.
Using (13) and (18), one can successively express τ
(j)
p in terms of Tp(q), then obtain the following
τ (j)T -relations for 1 ≤ j ≤ N + 1, ((4.34) in [14]):
τ
(j)
p (q) = Tp(xq, yq)Tp(ω
jxq, yq)
∑j−1
m=0
(
ϕp(q)ϕp(Uq) · · ·ϕp(Um−1q)×
ϕp(U
m+1q) · · ·ϕp(U j−1q)Tp(ωmxq, yq)−1Tp(ωm+1xq, yq)−1Xj−m−1
)
.
(20)
Indeed, by
∏N−1
j=0 ϕp(U
jq) = αp(λq) and
∏N−1
j=0 ϕp(U
jq) = αp(λ
−1
q ), τ
(2)T -relation with the fusion
relation is equivalent to the τ (j)T -relations : (12) + (18) ⇐⇒ (20). By (17) and (20)j=N , one
obtains the functional equation of chiral Potts transfer matrices Tp ((4.40) of [14]):
T̂p(yq, xq) =
∑N−1
m=0 Cm;p(q)Tp(xq, yq)Tp(ω
mxq, yq)
−1Tp(ω
m+1xq, yq)
−1X−m−1, (21)
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whereCm;p(q) = ϕp(q)ϕp(Uq) · · ·ϕp(Um−1q)ϕp(Um+1q) · · ·ϕp(UN−1q)(Ny
2N−2
p (yp−yq)(yp−xq)
(yNp −y
N
q )(y
N
p −x
N
q )
)L. Note
that substitutions of (20) in (15) all give the same relation (21). Hence under the scheme of τ (2)T -
relation (12), the Tp-functional equation (21) is equivalent to T T̂ -relations (15). The functional
equations (18) and (15) have provided an effective method to study the eigenvalue problem of CPM
by reducing the relations in forms with the variables (t, λ) in (6) using the following formula ((2.40)
in [14]):
Tp(ωxq, ω
−1yq) =
(
(yp − ωxq)(yp − ω−1yq)
µ2p(ωxp − yq)(xp − xq)
)L
X−1Tp(xq, yq) . (22)
Hereafter, the chiral Potts model considered in this paper will only be the superintegrable case,
i.e., the vertical rapidity p is given by
p : xp = yp = η
1
2 , µp = 1 , where η = (
1− k′
1 + k′
)
1
N . (23)
We shall omit the subscript p of the operators τ
(j)
p , Tp(xq, yq), T̂p(xq, qq) for p in (23), e.g. τ
(j)
means τ
(j)
p , etc. Then monodromy matrix in (8) becomes
G(t) =
(
G00(t) G
1
0(t)
G01(t) G
1
1(t)
)
=
(
1− η−1tX η−12 (1− ωX)Z
−η−12 t(1−X)Z−1 −η−1t+ ωX
)
, (24)
and τ (2)-matrix (11) is expressed by
τ (2)(t) = traux(
L⊗
ℓ=1
Gℓ)(ωt) =
( ∑
α1,α2,...,αL
(G1)
α2
α1(G2)
α3
α2 · · · (GL)α1αL
)
(ωt) (25)
where αℓ = 0, 1 for all ℓ. The fusion relation (18) becomes
τ (j)(t)τ (2)(ωj−1t) = (1− η−1ωj−1t)2L τ (j−1)(t) ωLX + τ (j+1)(t), 1 ≤ j ≤ N ,
τ (N+1)(t) = (1− η−1t)2L τ (N−1)(ωt)ωLX + 2(1 − η−N tN )L . (26)
By (19), one has
τ (j)(t) =
j−2∏
s=0
τ (2)(ωst) +
[ j−1
2
]∑
k=1
(−ωLX)k
∑
1≤i1<′i2<′···<′ik≤j−2
( k∏
ℓ=1
(1− ωiℓη−1t)2L
τ (2)(ωiℓ−1t)τ (2)(ωiℓt)
j−2∏
s=0
τ (2)(ωst)
)
(27)
for 2 ≤ j ≤ N + 1.
Define
Qcp(q) =
T (xq, yq)(1− η
−N
2 xNq )
L
NL(1− η−12 xq)L
, Q̂cp(q) =
T̂ (xq, yq)(1 − η
−N
2 xNq )
L
NL(1− η−12 xq)L
. (28)
Since
T (ωxq,ω−1yq)
(1−η
−1
2 ωxq)L
=
T (xq,yq)
(1−η
−1
2 xq)L
(ωLX)−1 by (22), Qcp(q)
N and Q̂cp(q)
N depend only on the value
of (tq, λq) in the curve (6). Hence, up to a Nth root of unity, we may write Qcp(q), Q̂cp(q) simply
by Qcp(tq, λq), Q̂cp(tq, λq) as well. Then τ
(2)T -relation (12) becomes
τ (2)(tq)Qcp(ωtq, λq) = (1− η−1tq)LQcp(tq, λq) + (1− η−1ωtq)LQcp(ω2tq, λq)ωLX , (29)
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and τ (j)T -relations (20) have the form
τ (j)(tq) =
j−1∑
m=0
(∏j−1
k=0(1− ωkη−1tq)L
(1− ωmη−1tq)L Qcp(tq, λq)Qcp(ω
mtq, λq)
−1 ×
Qcp(ω
jtq, λq)Qcp(ω
m+1tq, λq)
−1(ωLX)j−m−1
)
. (30)
The T T̂ -relations, (15) and (17), become
Qcp(tq, λq)Q̂cp(ω
jtq, λ
−1
q ) =
(1−η−N tNq )
L
NL
(
1∏j−1
m=0
(1−ωmη−1tq)L
τ (j)(tq)
+ (ω
LX)j∏N−1
m=j
(1−ωmη−1tq)L
τ (N−j)(ωjtq)
)
, 0 ≤ j ≤ N, (31)
Qcp(tq, λq)Q̂cp(tq, λ
−1
q ) =
1
NL
τ (N)(tq) . (32)
By (21), one has the following functional equation of Qcp(q):
Q̂cp(Cq) =
(1− η−N tNq )L
NL
N−1∑
m=0
(ωLX)−1−m
(1− ωmη−1tq)LQcp(q)Qcp(U
mq)−1Qcp(U
m+1q)−1 (33)
where C,U are the transformations in (4).
2 Eight-Vertex Model for the Root of Unity Cases
In [29], Fabricious and McCoy observed the similar structures between the eight-vertex model for
the ”root of unity” cases and the superintegrable N -state CPM. They derived and proposed a set
of functional equations for the eight-vertex model analogous to those of CPM in [14] as follows.
The transfer matrix for the eight-vertex model in the root of unity η˜ in (1) with even L columns
and the periodic boundary condition is2
T (2)(v)|µ,ν = TrW8(µ1, ν1)W8(µ2, ν2) · · ·W8(µL, νL)
where the Boltzmann weights are parametrized by elliptic theta functions3,
W8(1, 1)|1,1 =W8(1, 1)|1,1 = Θ(2η˜)Θ(v − η˜)H(v + η˜) = a(v),
W8(−1,−1)|1,1 =W8(1, 1)|−1,−1 = Θ(2η˜)H(v − η˜)Θ(v + η˜) = b(v),
W8(−1, 1)|1,−1 =W8(1,−1)|−1,1 = H(2η˜)Θ(v − η˜)Θ(v + η˜) = c(v),
W8(1,−1)|1,−1 =W8(−1, 1)|−1,1 = H(2η˜)H(v − η˜)H(v + η˜) = d(v).
In [6], Baxter defined the ”auxiliary” Q-operators, QR(v) and its companion QL(v), to study the
eigenvalue problem of T (2)(v) through the following TQ-relations:
T (2)(v)QR(v) = h
L(v − η˜)QR(v + 2η˜) + hL(v + η˜)QR(v − 2η˜),
QL(v)T
(2)(v) = hL(v − η˜)QL(v + 2η˜) + hL(v + η˜)QL(v − 2η˜),
2The L,N in [29] are changed to N,L for the parallel notations of the chiral Potts model used in this paper.
3Here we use the standard conventions for Jacobi theta functions H(v),Θ(v) with elliptic integrals K,K′ of nome
q = e
−piK′
K : H(v) = 2
∑
∞
n=1
(−1)n−1q(n−1/2)
2
sin (2n−1)πv
2K
, Θ(v) = 1 + 2
∑
∞
n=1
(−1)nqn
2
cos nπv
K
.
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where h(v) = Θ(0)Θ(v)H(v). Furthermore, the following relations hold:
T (v +Nη˜) = T (v), h(v +Nη˜) = h(v),
QL(v)QR(v
′) = QR(v
′)QL(v), QR,L(v +Nη˜) = S
m1QR,L(v) = QR,L(v)S
m1
where S =
∏L
j=1 σ
z
j . Define Q8V (v) = QR(v)QR(v0)
−1 = QL(v0)
−1QL(v) for a base element v0.
Then {Q8V (v)}v and {T (2)(v′)}v′ are commutative families of operators such that [T (2)(v′), Q8V (v)] =
0 and the following TQ-relation holds:
T (2)(v)Q8V (v) = h
L(v − η˜)Q8V (v + 2η˜) + hL(v + η˜)Q8V (v − 2η˜) ,
which is equivalent to
T (2)(v + 2η˜)QR(v + 2η˜) = h
L(v + 3η˜)QR(v) + h
L(v + η˜)QR(v + 4η˜) . (34)
In [29], Fabricius and McCoy defined the ”fusion matrices” T (j)(v) recursively by setting T (0)(v) =
0, T (1)(v+2η˜) = hL(v+ η˜), and the following fusion relations ((3.4) (3.5) (3.6) and (3.15) in [29])4:
T (j)(v + 2η˜)T (2)(v + 2jη˜) = hL(v + (2j + 1)η˜)T (j−1)(v + 2η˜) + T (j+1)(v + 2η˜), 1 ≤ j ≤ N ,
T (N+1)(v + 2η˜) = T (N−1)(v + 4η˜) + 2hL(v + η˜)Sm1
(35)
which, by (34), are compatible with the T (j)Q-relations ((3.7) in [29]):
T (j)(v + 2η˜) =
j−1∑
m=0
hL(v + (2m+ 1)η˜)QR(v)Q
−1
R (v + 2mη˜)QR(v + 2jη˜)Q
−1
R (v + 2(m+ 1)η˜) . (36)
Furthermore, they proposed the conjectured Q-functional equation ((3.2) in [29]):
QL(v− iK ′) = e
πiLv
2K QL(v0)AQR(v0)
N−1∑
m=0
h(v+(2m+1)η˜)LQ−1R (v+2mη˜)QR(v)Q
−1
R (v+2(m+1)η˜) ,
(37)
which is equivalent to the following one ((3.10) in [29]):
QR(v)
(
e
πiLv
2K QL(v0)AQR(v0)
)−1
QL(v − iK ′) = T (N)(v + 2η˜)Sm1 (38)
Then the (τ2T , fusion, τ jT , (T T̂ )N , Qcp-functional) relations (29) (26) (30) (32) and (33) in CPM
can be matched to the corresponding ones in eight-vertex model, (34), (35),(36), (38) and (37),
respectively in an identical manner by paring the quantities in the following table:
Chiral Potts model Eight vertex model
U U ⇐⇒ v 7→ v + 2η˜
V C ⇐⇒ v 7→ v − iK ′
t(2)(w) τ (2)(t) ⇐⇒ T (2)(v+2η˜)
hL(v+η˜)hL(v+3η˜)
Q(w) Qcp(q) ⇐⇒ QR(v)
ϕ(w) (1− η−1tq) ⇐⇒ h(v + η˜)−1
t(j)(w) τ (j)(t) ⇐⇒ T (j)(v+2η˜)∏j
k=1
hL(v+(2k−1)η˜)
Q̂(w) Q̂cp(q) ⇐⇒ QL(v)
A ωLX ⇐⇒ I
B I ⇐⇒ Sm1
Mj
(1−η−N tNq )
L
NL
⇐⇒ eπiL(v+2jη˜)2K QL(v0)AQR(v0)
(39)
4For the comparison with functional relations in chiral Potts model, the T (j)-fusion relations and QR-functional
equation of eight-vertex model in [29] are changed to the equivalent forms here by using the transformation, v 7→ v+2η˜.
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Furthermore, by (39) one arrives the following conjectured relation in eight-vertex model corre-
sponding to the set of T T̂ -relations (31) in CPM:
QR(v)
(
e
πiL(v+2jη˜)
2K QL(v0)AQR(v0)
)−1
QL(v− iK ′+2jη˜) = T (j)(v+2η˜)+T (N−j)(v+2(j +1)η˜)Sm1
(40)
for 0 ≤ j ≤ N . By using (36), each relation in (40) is equivalent to the functional equation (37) as
in the CPM case.
By the comparison made above on superintegrable CPM and eight-vertex model for roots of
unity, the discussion suggests that the set of functional equations might possibly occur as well for
some general models in the following manner, by which when applying to CPM and eight-vertex
model, the procedure produces all the functional equations in previous discussions. Consider a
solvable lattice model with Boltzmann weights in a spectral curve W , which is W in (2) (or Wk′
in (6)) in CPM , and the elliptic curve with nome q = e
−πK′
K in eight-vertex model. The theory
is built-up from families of operators of ”quantum space”
L⊗ Cm, {t(2)(w),Q(w), Q̂(w)}w∈W , such
that Q(w) and Q̂(w) are non-degenerated with Q̂(w)Q(w′) = Q̂(w′)Q(w), and the following tQ-
relations hold:
t(2)(w)Q(Uw) = ϕ(w)LQ(w) + ϕ(Uw)LQ(U2w)A ,
Q̂(Uw)t(2)(w) = ϕ(w)LQ̂(w) + ϕ(Uw)LQ̂(U2w)A.
(41)
Here ϕ is a rational function on W , U is an automorphism of W with the following ”N -periodic”
property with respect to t(2) and Q, Q̂:
t(2)(UNw) = t(2)(w), Q(UNw) = Q(w)B, Q̂(UNw) = Q̂(w)B,
and A,B are operators of
L⊗ Cm, commuting with all Q(w) and Q̂(w), with [A,B] = 0, AN =
B2 = 1. Define the operators t(j)(w) (2 ≤ j ≤ N + 1) by the t(j)Q-relation:
t(j)(w) =
j−1∑
m=0
(∏j−1
k=0 ϕ(U
kw)L
ϕ(Umw)L
Q(w)Q(Umw)−1Q(Ujw)Q(Um+1w)−1Aj−m−1
)
. (42)
Then t(j)’s satisfy the fusion relations by setting t(0) = 0 and t(1) = 1:
t(j)(w)t(2)(Uj−1w) = ϕ(Uj−1w)2L t(j−1)(t) A + t(j+1)(w), 1 ≤ j ≤ N ,
t(N+1)(w) = ϕ(w)2L t(N−1)(Uw)A + 2
(∏N
k=0 ϕ(U
kw)
)L
B .
(43)
The fusion matrices t(j)’s are expected to relate to Q-operator by the following QQ̂-relation,
Q(w)M−1j Q̂(VU
jw) = 1∏j−1
m=0
ϕ(Umw)L
t(j)(w) + A
jB∏N
m=j
ϕ(Umw)L
t(N−j)(Ujw) , 0 ≤ j ≤ N, (44)
where V is an order 2 automorphism of W , and Mj are operators of
L⊗ Cm, such that by using
(42), all relations in (45) reduce to a single Q-functional equation:
Q̂(Vw) =M0
N−1∑
m=0
A−1−m
ϕ(Umw)L
Q(Umw)−1Q(w)Q(Um+1w)−1. (45)
The equivalent notions with those in CPM and eight vertex model are given in table (39). Then the
functional relations among t(j), Q and Q̂ give rise to the corresponding ones in these two models.
Note that among all these relations, tQ-relation (41) and QQ̂-relation (45) are the basic ones for
the theory as indicated in the study of the CPM, however is still unknown for QQ̂-relation in
eight-vertex model case.
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3 Onsager Algebra Symmetry of τ (j)-matrices
The Onsager algebra is the infinite-dimensional Lie algebra with a basis {Am, Gl}m∈Z,l∈Z>0 satis-
fying the commutation relations:
[Am, An] = 4Gm−n , [Am, Gl] = 2Am−l − 2Am+l , [Gm, Gl] = 0 ,
where G−l := −Gl and G0 := 0. The elements A0, A1 satisfy the Dolan-Grady (DG) relation [24]:
[A1, [A1, [A1, A0]]] = 16[A1, A0] , [A0, [A0, [A0, A1]]] = 16[A0, A1] , (46)
and the Onsager algebra is characterized as the Lie algebra generated by the DG pair {A0, A1}
[19, 38]. A useful realization of Onsager algebra to identify it with the Lie-subalgebra of the sl2-loop
algebra, sl2[z, z
−1], fixed by a standard involution through the identification [38]:
Am = 2z
me+ + 2z−me− , Gm = (z
m − z−m)h , m ∈ Z,
where e±, h are sl2-generators with [e
+, e−] = h, [h, e±] = ±2e±. It is known that all finite-
dimensional irreducible representations of sl2[z, z
−1] are given by tensoring a finite number of
irreducible sl2-representations through the evaluation of z at distinct non-zero complex values aj’s
[16]. The Hermitian irreducible representations of Onsager algebra are obtained by passing through
sl2[z, z
−1]-representations, with the further constraints on evaluated values aj ’s :
|aj | = 1, aj 6= ±1, aj 6= a±1k for j 6= k. (47)
By this, Am = 2
∑n
j=1(a
m
j e
+
j + a
−m
j e
−
j ), Gm =
∑n
j=1(a
m
j − a−mj )hj . The aj’s give rise to the
reciprocal polynomial of degree 2n,
2n∑
k=0
αkz
k :=
n∏
j=1
(z − aj)(z − a−1j ),
characterized by the finite recurrence condition of Am’s:
∑2n
k=0 αkAk+ℓ = 0 for ℓ ∈ Z [18, 23, 38].
It is known that the logarithmic derivative of transfer matrices Tp(xq, yq) at the superintegrable
p in (23) gives rise to the following Hamiltonian of ZN -symmetric quantum chain in [32, 34] (see,
e.g. [2, 3, 8, 37] and references therein),
H(k′) = H0 + k
′H1 (48)
where H0 and H1 are Hermitian operators of
L⊗ CN defined by
H0 = −2
L∑
ℓ=1
N−1∑
n=1
Xnℓ
1− ω−n , H1 = −2
L∑
ℓ=1
N−1∑
n=1
Znℓ Z
−n
ℓ+1
1− ω−n , (ZL+1 := Z1) .
Note that for N = 2, this is the Ising quantum chain. The pair of operators
A0 = −2N−1H0 , A1 = −2N−1H1
satisfy the DG condition (46), hence gives rise to a Hermitian representation of Onsager algebra.
By this, one can study the eigenvalue problem of H(k′) in (48) through the representation theory
of Onsager algebra. By [2, 8, 11] (or see the discussion in section 4 of this paper), only spin-12
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sl2-representations occur in the associated Onsager algebra representations, hence H(k
′) has the
Ising-like eigenvalues:
α+ βk′ +N
n∑
j=1
±
√
1 + 2k′cj + k′2 , cj = cos θj =
1
2
(aj + a
−1
j ) , α, β ∈ R . (49)
For later use, we define
Ξℓ =
N−1∑
n=1
Xnℓ
1− ω−n , Ψℓ =
N−1∑
n=1
Znℓ Z
−n
ℓ+1
1− ω−n , 1 ≤ ℓ ≤ L . (50)
Then H0 = −2
∑L
ℓ=1 Ξℓ, H1 = −2
∑L
ℓ=1Ψℓ.
Proposition 1 H0 commutes with τ
2(t) for all t ∈ C.
Proof. By H0 = −2
∑L
ℓ=1 Ξℓ, the commutativity of H0 and τ
2(tq) follows from [Ξℓ, τ
2(tq)] = 0 for
1 ≤ ℓ ≤ L. By (25), it suffices to show the commutativity of Ξℓ and (Gj)βα(t) for all ℓ, j, α, β. By
the expressions of Ξℓ in (50) and G
β
α(t) in (24), one needs only to show Ξℓ commutes with (Gℓ)
1
0(t)
and (Gℓ)
0
1(t). By ZℓXℓ = ωXℓZℓ and X
N
ℓ = 1, one has
(1− ωXℓ)ZℓΞℓ = (
∑N−1
n=0
ωnXnℓ
1−ω−n )(1− ωXℓ)Zℓ =
(
Ξℓ +
∑N−1
n=0 ω
nXnℓ
)
(1− ωXℓ)Zℓ
= Ξℓ(1− ωXℓ)Zℓ;
(1−Xℓ)Z−1ℓ Ξℓ = (
∑N−1
n=0
ω−nXnℓ
1−ω−n )(1−Xℓ)Z−1ℓ =
(
Ξℓ −
∑N−1
n=0 X
n
ℓ
)
(1−Xℓ)Z−1ℓ
= Ξℓ(1−Xℓ)Z−1ℓ .
Therefore [(Gℓ)
1
0(t),Ξℓ] = [(Gℓ)
0
1(t),Ξℓ] = 0. ✷
Proposition 2 H1 commutes with τ
2(t) for all t ∈ C.
Proof. By H1 = −2
∑L
ℓ=1Ψℓ, the commutativity of H1 and τ
2(tq) follows from [Ψℓ, τ
2(tq)] = 0 for
1 ≤ ℓ ≤ L. For a given ℓ, Ψℓ commutes with (Gj)βα(ωt) for j 6= ℓ, ℓ+1 in the definition (25) of τ2(t).
Here we use the identification L+ 1 = 1. Denote by Gℓ,ℓ+1(t) the 2-by-2 matrix with the entries,
(Gℓ,ℓ+1)
β
α (α, β = 0, 1), defined by (Gℓ,ℓ+1)
β
α(t) :=
∑
j=0,1
(
(Gℓ)
j
α(Gℓ+1)
β
j
)
(t). Hence it suffices
to show the commutativity of Ξℓ and (Gℓ,ℓ+1)
β
α(t) for all α, β. Using (24), one has the following
expressions of (Gℓ,ℓ+1)
β
α:
(Gℓ,ℓ+1)
0
0(t) = 1− ωη−1tXℓXℓ+1ZℓZ−1ℓ+1 + η−2t2XℓXℓ+1
−η−1t
(
Xℓ(1− ωZℓZ−1ℓ+1) +Xℓ+1(1− ZℓZ−1ℓ+1)
)
,
η
1
2 (Gℓ,ℓ+1)
1
0(t) = Zℓ+1 − ω2XℓXℓ+1Zℓ − η−1t(Zℓ − ωXℓXℓ+1Zℓ+1)
−
(
η−1tXℓ(1− ωZℓZ−1ℓ+1) + ωXℓ+1(1− ZℓZ−1ℓ+1)
)
Zℓ+1,
−η 12 t−1(Gℓ,ℓ+1)01(t) = Z−1ℓ − ωXℓXℓ+1Z−1ℓ+1 − η−1t(Z−1ℓ+1 −XℓXℓ+1Z−1ℓ )
−
(
Xℓ(1− ωZℓZ−1ℓ+1)−Xℓ+1(1− ZℓZ−1ℓ+1)
)
Z−1ℓ ,
(Gℓ,ℓ+1)
1
1(t) = ω
2XℓXℓ+1 − η−1t(1 + ωXℓXℓ+1)Z−1ℓ Zℓ+1 + η−2t2
−
(
Xℓ(1− ωZℓZ−1ℓ+1) + ωXℓ+1(1− ZℓZ−1ℓ+1)
)
Z−1ℓ Zℓ+1.
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By the expression of Ψℓ in (50), Ψℓ commutes with Zℓ, Zℓ+1 and XℓXℓ+1. Furthermore, by
ΨℓXℓ(1− ωZℓZ−1ℓ+1) = Xℓ(Ψℓ +
∑N−1
n=0 ω
nZnℓ Z
−n
ℓ+1)(1− ωZℓZ−1ℓ+1) = Xℓ(1− ωZℓZ−1ℓ+1)Ψℓ,
ΨℓXℓ+1(1− ZℓZ−1ℓ+1) = Xℓ+1(Ψℓ −
∑N−1
n=0 Z
n
ℓ Z
−n
ℓ+1)(1− ZℓZ−1ℓ+1) = Xℓ+1(1− ZℓZ−1ℓ+1)Ψℓ,
all the terms appeared in the expressions of (Gℓ,ℓ+1)
β
α commute with Ψℓ. Then follows [Ψℓ, τ
2(tq)] =
0. ✷
SinceH0,H1 form the DG pair which generates the Onsager algebra representations, Proposition
1 and 2 imply the Onsager algebra symmetry of τ (2)(t). Note that the spin-shift operator X(=∏L
ℓ=1Xℓ) commutes with H0 and H1. By the expression (27) of τ
(j), we obtain the following result:
Theorem 1 The τ (j)-operators in the superintegrable CPM possess the Onsager algebra symmetry,
i.e., τ (j)(t)’s commute with H0 and H1, hence the corresponding Onsager irreducible representations
give rise to the degenerated eigenvectors of τ (j)(t) for 2 ≤ j ≤ N . Indeed, the eigenvectors of H(k′)
associated to the eigenvalues (49) form a degenerated eigenspace of τ (j)(t)’s.
✷
Remark. By the commutative property (13) of τ
(2)
p and Tp for the superintegrable element p, τ
(2)
commutes with the Hamiltonian H(k′) in (48). SinceH(k′) is the sum ofH0 and k
′H1 for a non-zero
k′ which is related to η in τ (2) by η = (1−k
′
1+k′ )
1
N , Proposition 1 is equivalent to Proposition 2 when
employing the theory of CPM. Here we give the algebraic verification of Onsager algebra symmetry
of τ (2)(t), hence τ (j)-matrices, directly from the explicit form of τ (2)-matrices and Onsager algebra
generators, not making use of the commutative relation (13) of τ (2) and T . However, to questions
concerning the nature of the representations of Onsager algebra, one still needs to use the complete
theory of superintegrable CPM, which we are going to discuss in the next section. ✷
4 Bethe Equation of τ (2)-matrix, Degeneracy and Eigenvalues of
τ (j)-matrix
In this section, we discuss in details the nature of Onsager algebra representations and τ (j)-
eigenvalues in Theorem 1 using results essentially taken from works in [1, 2, 10, 11].
In the discussion of superintegrable CPM in section 1, it is natural to introduce the variable
t˜ = η−1t
where as before, η = (1−k
′
1+k′ )
1
N . The hyperelliptic curve (6) becomes
t˜N =
(1− k′λ)(1 − k′λ−1)
(1− k′)2 , or equivalently, (
λ+ 1
λ− 1)
2 =
t˜N − η−2N
t˜N − 1 , (51)
i.e.,
(
t˜N−η−2N
t˜N−1
) 1
2
= λ
±1+1
λ±1−1 . Apply the gauge transform M
−1G(t)M to G(t) in (24) with M =
dia.[1, η
1
2 ], then M−1G(t)M has the expression
G˜(t˜) =
(
1− t˜X (1− ωX)Z
−t˜(1−X)Z−1 −t˜+ ωX
)
,
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which is again a Yang-Baxter solution (8) with a = b = c = d = 1. Then τ (2)(t) in (25) can be
written as τ (2)(t) = τ˜ (2)(t˜), where
τ˜ (2)(t˜) = traux(
L⊗
ℓ=1
G˜ℓ)(ωt˜) , Gℓ(t˜) = G(t˜) at ℓth site. (52)
Write τ (j)(t) = τ˜ (j)(t˜), then the fusion relation (26) becomes
τ˜ (j)(t˜)τ˜ (2)(ωj−1t˜) = (1− ωj−1t˜)2L τ˜ (j−1)(t˜) ωLX + τ˜ (j+1)(t˜), 1 ≤ j ≤ N ,
τ˜ (N+1)(t˜) = (1− t˜)2L τ˜ (N−1)(ωt˜)ωLX + 2(1− t˜N )L . (53)
Note that the τ˜ (j)-matrices are temperature ( i.e. k′) independent. With operators Qcp, Q̂cp in
(28), the relations (29)-(32) become the following τ˜ (2)Qcp, τ˜
(j)Qcp-relations,
τ˜ (2)(ω−1t˜q)Qcp(q) = (1− ω−1t˜q)LQcp(U−1q) + (1− t˜q)LQcp(Uq)ωLX , (54)
τ˜ (j)(t˜q) =
j−1∑
m=0
(∏j−1
k=0(1− ωk t˜q)L
(1− ωmt˜q)L
Qcp(q)Qcp(U
mq)−1Qcp(U
jq)Qcp(U
m+1q)−1(ωLX)j−m−1
)
, (55)
and the QcpQ̂cp-relation
Qcp(q)Q̂cp(CU
jq) =
(1−t˜Nq )
L
NL
(
1∏j−1
m=0
(1−ωm t˜q)L
τ˜ (j)(t˜q) +
(ωLX)j∏N−1
m=j
(1−ωm t˜q)L
τ˜ (N−j)(ωj t˜q)
)
, 0 ≤ j ≤ N ;
Qcp(q)Q̂cp(Cq) =
1
NL
τ˜ (N)(t˜q) . (56)
By [2, 10, 11], eigenvalues of the transfer matrix of CPM in the superintegrable case are solved
by Bethe-ansatz method as follows. Let F (t˜) be a t˜-polynomial (of degree mp):
F (t˜) (= F (t˜; v1, . . . , vmp)) =
mp∏
i=1
(1 + ωvi t˜) (57)
where v1, . . . , vmp are the parameters with (−vi)N 6= 0, 1 and viv−1j 6= 1, ω for i 6= j. Associated to
F (t˜), we consider the following P-function
P(t˜) (= P(t˜; v1, . . . , vmp)) = ω−Pb
N−1∑
j=0
(1− t˜N )L(ωj t˜)−Pa−Pb
(1− ωj t˜)LF (ωj t˜)F (ωj+1t˜) , (58)
where Pa, Pb are integers satisfying
5
0 ≤ Pa + Pb ≤ N − 1, Pb − Pa ≡ Q+ L (mod N), (59)
with Q the ZN -charge as before. For arbitrary v1, . . . , vmp , P(t˜) is a rational function invariant
under the transformation: t˜ 7→ ωt˜. The necessary and sufficient condition for P(t˜) to be a t˜-
polynomial is the Bethe-ansatz-type constraint for parameters v1, . . . , vmp , ((4.4) in [2], (6.22) in
[10]):
(
vi + ω
−1
vi + ω−2
)L = −ω−Pa−Pb
mp∏
l=1
vi − ω−1vl
vi − ωvl
, i = 1, . . . ,mp . (60)
5Here we consider only the case with periodic boundary condition by assuming r in [10, 11] equal to 0.
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The above relation, up to the phase factor, is the Bethe equation of spin-N−12 XXZ chain for size
L with the anisotropy γ = πN and periodic boundary condition [10, 17]. An equivalent form to the
above Bethe equation is
(
vi + ω
−1
vi + ω−2
)L = −ωL+Q−2Pb
mp∏
l=1
vi − ω−1vl
vi − ωvl , i = 1, . . . ,mp , (61)
and Pa is the integer determined by (59). Then P(t˜) is a t˜N -polynomial of degree mE with zeros
t˜N = s1, . . . , smE . Note that by the theory of the CPM P(1) 6= 0, indeed its value determines the
total momentum P through the relation
eiP = ω−Pb
mp∏
i=1
1 + ωvi
1 + ω2vi
=
P(1)
NL
mp∏
i=1
(1 + ωvi)
2 (62)
(see (2.24) of [2]). By eiPL = 1, the relation (62) yields the restriction of the non-negative integer
mp in (61):
LPb ≡ mp(Q− 2Pb −mp) (mod N), (63)
(for N = 3 case, see (C.3) (C.4) in [2]). Conversely, if mp satisfies the above relation, the right hand
side of (62) is a Lth root of unity, hence determines the total momentum P . Furthermore the integer
Pb in the theory is chosen to guarantee P(0) 6= 0, (which will become clear later on). Therefore
the t˜N -zeros of the polynomial P(t˜) have all sj 6= 0, 1. For each j, let λj be the complex number
defined by the relation (51) with (t˜N , λ) = (sj , λ
±1
j ), and denote ±wj =
λ±1j +1
λ±1j −1
= (
sj−η−2N
sj−1
)
1
2 .
Hence λj 6= 1, k′±1, 0,∞, equivalently, wj 6=∞,±k′+1k′−1 ,±1. Define
G(λ) =
mE∏
j=1
λ+ 1± (λ− 1)wj
2λ
. (64)
Then G(k′±1),G(0) are non-zero. By 14(λ+1+ (λ− 1)wj)(λ−1+1+ (λ−1− 1)wj) =
t˜N−sj
1−sj
, one has
the following relation between the P-polynomial (58) and G(λ):
P(t˜)
P(1) = G(λ)G(λ
−1). (65)
By (1.11) in [2] and (21) in [11], one has the following T (q)-eigenvalue6:
T (q) = NL
(η
−1
2 xq − 1)L
(η−N/2xNq − 1)L
(η
−1
2 xq)
Pa(η
−1
2 yq)
Pbµ−Pµq
F (t˜q)
F (1)
G(λq), (66)
and T̂ (q) is equal to eiPT (q) with the expression
T̂ (q) = NL
(η
−1
2 xq − 1)L
(η−N/2xNq − 1)L
(η
−1
2 xq)
Pa(η
−1
2 yq)
Pbµ−Pµq
F (t˜q)
ωPbF (ω)
G(λq). (67)
6Here we modify the expression (21) of [11] by a multiple factor e−iP/2 so that T (q) takes the value 1 for q = p,
which would be more appropriate for the consistency with the analysis made in formula (1.11) in [2], elucidated later
on in this section. Note that the expression here agrees with the conjectured formula (2.22) of [2], in which the
notations N , λ, η, NPc, wℓ correspond respectively to L, k
′, η
−1
2 , Pµ,
1−k′
2
wℓ used in this article. Indeed the Tq in
formula (21) of [11] is equal to NL
(η
−1
2 xq−1)
L
(η−N/2xNq −1)
L (η
−1
2 xq)
Pa(η
−1
2 yq)
Pbµ
−Pµ
q
F (˜tq)
(ωPbF (1)F (ω))1/2
G(λq).
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Hence we have the following eigenvalues for operators Qcp(q) and Q̂cp(q):
Qcp(q) = (η
−1
2 xq)
Pa(η
−1
2 yq)
Pbµ
−Pµ
q
F (˜tq)
F (1) G(λq),
Q̂cp(q) = (η
−1
2 xq)
Pa(η
−1
2 yq)
Pbµ
−Pµ
q
F (˜tq)
ωPbF (ω)
G(λq) (= eiPQcp(q)),
(68)
which imply Qcp(p) = 1, Q̂cp(p) = e
iP1. As q tends to p, by setting xq = η
1
2 (1−2k′ε+O(ε2)) with
small ε, to the first order one has yq = η
1
2 (1 + 2k′ε) , µq = 1+ 2(k
′ − 1)ε, and formula (1.11) in [2]
for the CPM-transformation matrix
T (xq, yq) = 1[1 + ε(N − 1)L] + εH(k′) +O(ε2)
where H(k′) is the Hamiltonian (48). Then the T (q)-eigenvalue (66) gives rise to the following
energy value of H(k′) ((2.23) of [2]):
E = 2Pµ+NmE− (N −1)L+k′
(
(N −1)L−2Pµ−NmE+2(Pb−Pa)
)
+N(1−k′)
mE∑
j=1
±wj. (69)
Write H(k′) = −N2 (A0 + k
′A1) as before with Hermitian (
L⊗ CN )-operators A0, A1 satisfying the
DG relation (46), hence generating a Hermitian representation of Onsager algebra. Each Onsager
algebra irreducible subrepresentation of
L⊗ CN is obtained by an evaluation representation of
sl2[z, z
−1] by evaluating z at finite complex numbers aj’s satisfying (47), then composed with
irreducible representations of the sl2-factors, characterized by the spin σj ∈ 12Z≥0. Through this,
one can write A0 =
−N
2 α + 2
∑
j(e
+
j + e
−
j ), A1 =
−N
2 β + 2
∑
j(aje
+
j + a
−1
j e
−
j ), which imply the
eigenvalues of H(k′) with the form
α+ βk′ + 2N
∑
j
mj
√
1 + 2k′ cos θj + k′2
where α, β ∈ R, cos θj = aj + a−1j , and mj runs through −σj,−σj + 1, . . . , σj [18, 19, 23, 38].
Comparing the above formula with the energy expression (69), we find
σj =
1
2
, cos θj =
1 + sj
1− sj for all j , (70)
then follows the expression (49). Since cos θj’s are distinct real numbers with | cos θj| < 1, the
t˜N -polynomial associated to P(t˜) in (58) is simple with negative real roots sj (1 ≤ j ≤ mE). In
particular, P(0) 6= 0. Hence we have shown (i) of the following theorem except the formula of mE.
Theorem 2 (i) Let {vi}mpi=1 be a solution of the equation (61) for L,Q,Pb with the relation (63),
and P(t˜) the polynomial (58) associated to {vi}mpi=1. Then P(0) 6= 0, and P(t˜) is a simple t˜N -
polynomial of degree mE with negative real roots. Furthermore, mE = [
(N−1)L−Pa−Pb−2mp
N ] where
[r] denotes the integral part of a real number r.
(ii) For {vi}mpi=1 in (i) with the total momentum P , denote v′i = ω−3v−1i , and Q′ ≡ −L − Q,
P ′b ≡ −Pb −mp (mod N). Then {v′i}mpi=1 is a Bethe solution of (61) for L,Q′, P ′b with the total
momentum P ′ = −P . Furthermore, the polynomial P(t˜; v′1, . . . , v′mp) in (58) associated to {v′i}
mp
i=1
is related to P(t˜; v1, . . . , vmp) by the following reciprocal relation,
P(t˜; v′1, . . . , v′mp)ωP
′
b
mp∏
i=1
v′i = t˜
NmE P(t˜−1; v1, . . . , vmp)ωPb
mp∏
i=1
vi .
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Proof. It is easy to see that mE ≤ [ (N−1)L−Pa−Pb−2mpN ]. Let v′i, Q′, P ′b, P ′ be those defined in (ii) in
connection with vi, Q, Pb, P in (i). One can easily see that {vi}mpi=1 as a Bethe solution of (61)L,Q,Pb
is equivalent to that for {v′i}mpi=1 in (61)L,Q′,P ′b ; the same for (P, {vi}
mp
i=1) and (P
′, {v′i}mpi=1) with the
relation (62). By (59), Pb−Pa ≡ Q+L, P ′b−P ′a ≡ Q′+L (mod N), and 0 ≤ Pa+Pb, P ′a+P ′b ≤ N−1.
Hence P ′a + P
′
b ≡ −L− Pa − Pb − 2mp (mod N), which implies
[−L−Pa−Pb−2mpN ] = [
−L−P ′a−P
′
b
−2mp
N ] =
−L−Pa−Pb−2mp−P
′
a−P
′
b
N ,
and [
(N−1)L−Pa−Pb−2mp
N ] =
(N−1)L−Pa−Pb−2mp−P
′
a−P
′
b
N . Using the relation
(1− t˜N )Lt˜−P ′a−P ′b ∏mpi=1 v′i
(1− t˜)L∏mpi=1 ((1 + ωv′i t˜)(1 + ω2v′i)) =
t˜(N−1)L−2mp−Pa−Pb−P
′
a−P
′
b(1− t˜−N )L t˜Pa+Pb∏mpi=1 vi
(1− t˜−1)L∏mpi=1 ((1 + ωvit˜−1)(1 + ω2vit˜−1)) ,
one has
P(t˜; v′1, . . . , v′mp)ωP
′
b
mp∏
i=1
v′i = t˜
N [
(N−1)L−Pa−Pb−2mp
N
] P(t˜−1; v1, . . . , vmp)ωPb
mp∏
i=1
vi .
Set t˜ = 0 in the above relation, then P(0; v′1, . . . , v′mp)ωP
′
b
∏mp
i=1 v
′
i = Cω
Pb
∏mp
i=1 vi, where C
is the coefficient of t˜N [
(N−1)L−Pa−Pb−2mp
N
] in the polynomial P(t˜; v1, . . . , vmp). By (i) for P(0)
(associated to v′is) , we have P(0; v′1, . . . , v′mp) 6= 0, hence C 6= 0. Then follow the equality
mE = [
(N−1)L−Pa−Pb−2mp
N ] in (i), and the reciprocal relation in (ii). ✷
Remark. The dominant eigenvalues of T (q) are in the case Pb = mp = 0 [11], where mE (=
[ (N−1)L−PaN ]) = [
(N−1)L−Q
N ]. The mathematical structures of polynomials P(t˜) and the correspond-
ing polynomials in Onsager algebra representations were discussed in [30, 33, 40] ✷
Let {vi}mpi=1 be a Bethe solution of (61), and F (t˜) the polynomial (57) defined by vi’s. Associated
to F (t˜), one has the Qcpand Q̂cp-eigenvalues (68), with the corresponding τ
(j)-eigenvalue for all j.
Then relations (54) and (59) yield ((6.18) in [10]):
τ˜ (2)(ω−1t˜q)F (t˜q) = ω
−Pa(1− ω−1t˜q)LF (ω−1t˜q) + ωPb(1− t˜q)LF (ωt˜q) .
Set t˜q = −(ωvi)−1 in the above relation. One obtains the Bethe equation (60), equivalent to (61),
of vi’s with the following polynomial expression for τ˜
(2)-eigenvalue:
τ˜ (2)(t˜) (= τ˜ (2)(t˜; v1, . . . , vmp)) =
ω−Pa−Pb(1− t˜)L∏mpi=1(1 + ωvit˜) + (1− ωt˜)L∏mpi=1(1 + ω3vit˜)
ω−Pb
∏mp
i=1(1 + ω
2vit˜)
.
(71)
By (55), one has the τ˜ (j)-polynomial expression:
τ˜ (j)(t˜) = ω(j−1)Pb
j−1∏
k=0
(1− ωk t˜)L
j−1∑
m=0
F (t˜)F (ωj t˜)ω−m(Pa+Pb)
(1− ωmt˜)LF (ωmt˜)F (ωm+1 t˜) , 2 ≤ j ≤ N. (72)
Then the following relations ((6.17) and (6.24) in [10])7 hold:
t˜Pa+PbF (t˜)F (ωj t˜)P(t˜) = ω−jPb (1−t˜N )L∏j−1
m=0
(1−ωm t˜)L
τ˜ (j)(t˜) + ω
−jPa (1−t˜N )L∏N−1
m=j
(1−ωm t˜)L
τ˜ (N−j)(ωj t˜), 0 ≤ j ≤ N,
τ˜ (N)(t˜) = t˜Pa+PbF (t˜)2P(t˜) (for j = N)
(73)
7The formulae here differ with those in [10] by some scalar factors as we use conventions in [2, 11] in this article.
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where P(t˜) is in (62). Note that by (65), the above relation is equivalent to the QcpQ̂cp-relation
(56). Hence we have shown the following results:
Theorem 3 (i) The Bethe equation of τ˜ (2)(ω−1t˜) for the L-size τ˜ (2)-matrix (52) in the six-vertex
model (with external fields), is the relation (61) (or equivalent to (60)), where the equation depends
on two quantum numbers Q,Pb ∈ ZN with the constraint (63) on non-negative integer mp. The
total momentum P is given by (62).
(ii) Let {vi}mpi=1 be a Bethe solution of (61), and F (t)(= F (t; v1, . . . , vmp)) the polynomial de-
fined in (57). Then there associates an eigen-polynomial τ˜ (j)(t˜) (= τ˜ (j)(t˜; v1, . . . , vmp)) of the τ˜
(j)-
operator for 2 ≤ j ≤ N , given by (72) such that the relation (73) holds.
✷
Remark. One may as well obtain polynomials τ˜ (j)(t˜)’s by using the τ˜ (2)(t˜)-expression (71) and
the fusion relation (53). ✷
Note that Theorem 3 was derived from Qcp-eigenvalues in (68), where all possible G(λq)’s give
the same τ˜ (j)-polynomial for 2 ≤ j ≤ N . By (64) and (69), the eigen-vectors corresponding to those
available Qcp-eigenvalues form a 2
mE -dimensional vector space which is the representation space for
an irreducible Onsager algebra representation with the evaluation parameters determined by the P-
polynomial (58) via the connection (70). Hence the Onsager algebra describes the full symmetry of
the degeneracy space for an given τ˜ (j)-polynomial. This can be regarded as an explicit formulation
of the Onsager algebra symmetry of τ (j)-matrix in Theorem 1. As a corollary of Theorem 2 (i), we
have the following result.
Proposition 3 Let {vi}mpi=1 be a Bethe solution of (61), τ˜ (j)(t˜) (= τ˜ (j)(t˜); v1, . . . , vmp) the eigen-
polynomial in (72) for 2 ≤ j ≤ N . There is an irreducible Onsager algebra subrepresentation space
(of
L⊗ CN ) of dimension 2[ (N−1)L−Pa−Pb−2mpN ] with τ˜ (j)(t˜) as the τ˜ (j)-eigenvalue.
✷
5 Concluding Remarks
In this paper we have shown the Onsager algebra symmetry of τ (j)-matrices in superintegrable
CPM by using the explicit form of τ (2)-matrices and Onsager algebra generators. Furthermore, by
employing the theory of CPM, the nature of Onsager algebra representations and the full symmetry
structure are revealed in the Bethe Ansatz approach using the explicit eigenvalues of superinte-
grable CPM. Note that in this paper, for simplicity, we have confined our study of symmetry
in superintegrable CPM only in the case of periodic boundary condition. We know that general
skewed boundary conditions are required for the natural completion of the eigenvalue spectrum
even in the Ising case. However, by results in [10], the discussions of superintegrable CPM in this
article can be carried over as well to skewed boundary conditions in general, hence the Onsager
algebra symmetry would be valid for the complete spectrum of τ (j)-model. One may view the
Onsager algebra symmetry of τ (2)-matrix in CPM as the counter part of the sl2-loop algebra sym-
metry of the root-of-unity six-vertex model found in [20] within the scheme proposed in [29] on the
(conjectured) analogous theories between the eight vertex model and CPM. In this work, we have
performed a rigorous study of the P-polynomial (58), the pivotal ingredient in τ (j)-degeneracy, by
explicit results of eigenvalues of CPM transfer matrix. In the context of sl2-loop algebra symmetry
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of six-vertex model [22, 27], one has the Drinfeld polynomial, which plays the similar role of P-
polynomial in CPM, however is not fully understood till now. The exact results we have obtained in
this work could be valuable to pave the way to solution of some conjectured symmetry problems in
the root-of-unity six-vertex model. A process along this line is now under consideration. Moreover,
we have made a detailed analysis on the comparison on fusion matrices and functional relations
of the root-of-unity eight-vertex model and superintegrable CPM. As a consequence, we found the
relation (40) in eight-vertex model corresponding to T T̂ -relations (31) in CPM, which has played
the vital role for the derivation of all functional relations in [14]. However the quest for rigorous
justification and physical interpretation of (40) has been left a challenge for the root-of-unity eight-
vertex model as a completely parallel theory to CPM. The use for deeper understanding of the
Q-operators would be expected. Nevertheless, the striking similarity of these two theories would
suggest the universal role of CPM in regard to the ”Q”-operator in Baxter’s TQ-relation, which
appears also in other solvable lattice models. We made a attempt in Sec. 2 to explore the common
features of functional equations for other plausible, but hypothetical, lattice models, based on the
structure of superintegrable CPM listed in Sec. 1. The principle could be very sketchy, and in
part just based on speculation; however, we hope it might help to give a feeling of how the current
research on symmetry of τ (j)-models is oriented.
Acknowledgements
The author is pleased to thank Professor Yum-Tong Siu for hospitality in April, 2005 at Mathe-
matical Department of Harvard University where part of this work was carried out. This work is
supported in part by National Science Council of Taiwan under Grant No NSC 93-2115-M-001-003.
References
[1] G. Albertini, B. M. McCoy, J. H. H. Perk and S. Tang, Excitation spectrum and order param-
eter for the integrable N -state chiral Potts model, Nucl. Phys. B 314 (1989) 741-763.
[2] G. Albertini, B. M. McCoy, and J. H. H. Perk, Eigenvalue spectrum of the superintegrable
chiral Potts model, in Adv. Stud. Pure Math., 19, Kinokuniya Academic press, Tokyo (1989)
1–55.
[3] H. Au-Yang, B. M. McCoy, J. H. H. Perk and S. Tang, Solvable models in statistical mechanics
and Riemann surfaces of genus greater than one, eds. M. Kashiwara and T. Kawai, Algebraic
Analysis, Academic Press, San Diego (1988), 29–40.
[4] H. Au-Yang and J. H. H. Perk, Onsager’s star-triangle equation: Master key to integrability,
in Adv. Stud. Pure Math., 19, Kinokuniya Academic press, Tokyo (1989) 57–94.
[5] R. J. Baxter, J. H. H. Perk and H. Au-Yang, New solutions of star-triangle relations for the
chiral Potts model, Phys. Letts. A 128 (1988) 138–142.
[6] R. J. Baxter, Partition function of the eight vertex model, Ann. Phys. 70 (1972) 193–228.
[7] R. J. Baxter, Exactly solved models in statistical mechanics, Academic Press, New York (1982).
[8] R. J. Baxter, The superintegrable chiral Potts model, Phys. Letts. A 133 (1988) 185–189.
[9] R. J. Baxter, Chiral Potts model: eigenvalues of the transfer matrix, Phys. Lett. A 146 (1990)
110–114.
19
[10] R. J. Baxter, Chiral Potts model with skewed boundary conditions, J. Stat. Phys. 73 (1993)
461–495.
[11] R. J. Baxter, Interfacial tension of the chiral Potts model, J. Phys. A: Math. Gen. 27 (1994)
1837–1849.
[12] R. J. Baxter, The ”inversion relation” method for obtaining the free energy of the chiral Potts
model, Physica A 322 (2003) 407–431; cond-mat/02121075.
[13] R. J. Baxter, Derivation of the order parameter of the chiral Potts model, Phys.Rev.Lett. 94
(2005) 130602; cond-mat/0501227.
[14] R. J. Baxter, V.V. Bazhanov and J.H.H. Perk, Functional relations for transfer matrices of
the chiral Potts model, Int. J. Mod. Phys. B 4 (1990) 803–870.
[15] V.V. Bazhanov and Yu.G. Stroganov, Chiral Potts model as a descendant of the six-vertex
model, J. Stat. Phys. 59 (1990) 799–817.
[16] V. Chari, Integrable representations of affine Lie-algebras, Invent. Math. 85 (1986) 317–335.
[17] S. Dasmahapatra, R. Kedem and B. M. McCoy, Physics beyond quasi-particles: Spectrum
and completeness of the 3 state superintegrable chiral Potts model, Nucl. Phys. B 396 (1993)
506–540; hep-th/9204003.
[18] B. Davies, Onsager’s algebra and superintegrability, J. Phys. A: Math. Gen. 23 (1990) 2245–
2261.
[19] B. Davies, Onsager’s algebra and the Dolan-Grady condition in the non-self case, J. Math.
Phys. 32 (1991) 2945–2950.
[20] T. Deguchi, K. Fabricius and B. M. McCoy, The sl2 loop algebra symmetry for the six-vertex
model at roots of unity, J. Stat. Phys. 102 (2001) 701–736; cond-mat/9912141.
[21] T. Deguchi, Construction of some missing eigenvectors of the XYZ spin chain at discrete
coupling constants and exponentially large spectral degeneracy of the transfer matrix, J. Phys.
A 35 (2002) 879–895.
[22] T. Deguchi: XXZ Bethe states as highest weight vectors of the sl2 loop algebra at roots of
unity, cond-mat/0503564.
[23] E. Date and S. S. Roan, The structure of quotients of the Onsager algebra by closed ideals, J.
Phys. A: Math. Gen. 33 (2000) 3275–3296; math.QA/9911018.
[24] L. Dolan and M. Grady, Conserved charges from self-duality, Phys. Rev. D 25 (1982) 1587–
1604.
[25] K. Fabricius and B. M. McCoy, Bethe’s equation is incomplete for the XXZ model at roots of
unity, J. Sta. Phys. 103 (2001) 647–678; cond-mat/0009279.
[26] K. Fabricius and B. M. McCoy, Completing Bethe equations at roots of unity, J. Sta. Phys.
104 (2001) 573–587; cond-mat/0012501.
[27] K. Fabricius and B. M. McCoy, Evaluation parameters and Bethe roots for the six vertex
model at roots of unity, eds. M. Kashiwara and T. Miwa, Progress in Mathematical Physics
Vol 23, Birkhauser Boston (2002), 119-144; cond-mat/0108057.
20
[28] K. Fabricius and B. M. McCoy, New developments in the eight vertex Model, J. Stat. Phys.
111 (2003) 323–337; cond-mat/0207177.
[29] K. Fabricius and B. M. McCoy, Functional equations and fusion matrices for the eight vertex
model, Publ. RIMS, 40 (2004) 905-932; cond-mat/0311122.
[30] G. von Gehlen, Onsager’s algebra and partially orthogonal polynomials, Intern. J. Mod. Phys.
B, 16 (2002) 2129–2136; hep-th/0201195.
[31] G. von Gehlen, S. Pakuliak and S. Sergeev, Bazhanov-Stroganov model from 3D approach,
J.Phys. A 38 (2005) 7269–7298; nlin.SI/0505019.
[32] G. von Gehlen and R. Rittenberg, Zn-symmetric quantum chains with infinite set of conserved
charges and Zn zero modes, Nucl. Phys. B 257 (1985) 351–370.
[33] G. von Gehlen and S. S. Roan, The superintegrable chiral Potts quantum chain and generalized
Chebyshev polynomials, in Integrable Structure of Exactly Solvable Two-Dimensional Models
of Quantum Field Theory, NATO Science Series II 35, Kluwer Academic Publ., Dordrecht
2001, 155-172; hep-th/0104144.
[34] S. Howes, L.P. Kadanoff and M. den Nijs, Quantum model for commensurate-incommensurate
transitions, Nucl. Phys. B 215 (1983) 169–208.
[35] B. M. McCoy and S. S. Roan, Excitation spectrum and phase structure of the chiral Potts
model. Phys. Lett. A 150 (1990) 347-354.
[36] L. Onsager, Crystal statistics.I. A two-dimensional model with an order-disorder transition.
Phys. Rev. 65 (1944) 117–149.
[37] J. H. H. Perk, Star-triangle relations, quantum Lax pairs, and higher genus curves, Proceedings
1987 Summer Research Institute on Theta functions, Proc. Symp. Pure Math. Vol 49, Part 1,
Am. Math. Soc., Providence, R.I. 1989, 341–354.
[38] S. S. Roan, Onsager’s algebra, loop algebra and chiral Potts model, Preprint Max-Planck-Inst.
fu¨r Math., Bonn, MPI 91-70.
[39] S. S. Roan, Chiral Potts rapidity curve descended from six-vertex model and symmetry group
of rapidities, J. Phys. A: Math. Gen. 38 (2005) 7483–7749; cond-mat/0410011.
[40] S. S. Roan, Structure of certain Chebyshev-type polynomials in Onsager’s algebra representa-
tion, to appear in Journal of Computational and Applied Mathematics; math-ph/0501045.
21
